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1.
$V$ $C$ $C$ $C\cap(-C)=\{0\}$
$V$ $\preceq$










[7, p.1287, Proposition 2] 1.1 $\varphi$
1.2. $V$ $C$ $D$ $:=$ int $(C)\neq\emptyset$ (
span$(C)=V)$ $\varphi:Darrow D$ $V$
$D$
13. $V$ $C$ int $(C)\neq\emptyset$




1.1 ( $\preceq$ \S 4 ).
1.1 A. D.
Alexandrov V. V. Ovchinnikova Lorentz cone
$C:=\{(x_{1}, \ldots, x_{n})\in \mathbb{R}^{n}|x_{1}\geq\sqrt{x_{2}^{2}++x_{n}^{2}}\}$
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$\varphi:\mathbb{R}^{n}arrow \mathbb{R}^{n}$ [2]. Alexandrov
1.1 $C$ $\varphi:Varrow V$ [1]. 1.1
1.1 $V$ $C$
[2] 1.1 $\searrow$
[1] O. S. Rothaus
$\varphi:Carrow C$ $C$ (
), $C$ extreme ray
11 $\mathbb{R}^{3}$
( 36 ). 1.1 Rothaus
$C$ local $\varphi$
1.1 :
$\bullet$ extreme ray extreme ray











$S_{1},$ $S_{2}\subset V$ $\varphi:S_{1}arrow S_{2}$
$\varphi$





2.1. $W$ $fl\subset W$ $\Omega_{1},$ $\Omega_{2}\subset W$
span $\Omega_{1}\cap$ span $\Omega_{2}=\{0\}$ , $\Omega=\Omega_{1}+\Omega_{2}$
$\Omega$ $\Omega_{1}$ $\Omega_{2}$
$\Omega=\Omega_{1}\ominus\Omega_{2}$
$\Omega$ $\Omega=\Omega_{1}\oplus\Omega_{2}$ $fl_{1},$ $\Omega_{2}$
$\Omega_{1},$ $\Omega_{2}\subset\Omega$
$0\in\Omega_{1}\cap\Omega_{2}$ $\Omega_{j}=\Omega\cap$ span $\Omega_{j}(i=1,2)$
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$C$ : $C’\subset V$ $v\in C(v\neq 0)$
$C=C’\oplus \mathbb{R}_{\geq 0}v$
3. 1.1
$V$ $C\subset V$ $(C$
\S 33 ).
3.1.
3.1 ([3, Proposition I.1.4]). $V$ $h$ :
$h(x)>0$ $(x\in C\backslash \{0\})$ .
$P:=h^{-1}(1)\cap C$ $P$ $C$ $C$ ray $P$
1
3.2 ([3, Corollary I.1.6]). $P$
$e\in P$ $P$ extreme point :
$e=\lambda a+(1-\lambda)b,$ $a,$ $b\in P,$ $0\leq\lambda\leq 1\Rightarrow\lambda=0,1$ .
$P$ extreme points ext $(P)$ $P$ extreme point $C$ ray extreme
ray $C$ ray $l$ extreme ray :
$x,$ $y\in C,$ $x+y\in l$ $x,$ $y\in l$ .
3.3 (Minkowski). $K$
$K=$ conv(ext $(K)$ ) (conv ).
$P$
conv(ext $(P)$ ) $=P$. (3.1)
34. $u\in C$
$u= \sum_{j_{=1}}^{k}\lambda_{j}ej$ $(\lambda_{j}>0,$ $e_{j}\in$ ext$(P))$
Extreme ray
35. $C$ :
$\forall e\in$ ext $(P),$ $e\in$ span $($ext $(P)\backslash \{e\})$ . (3.2)
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36. $\mathbb{R}^{3}$
$C_{1}:=\{(x, y, z)\in \mathbb{R}^{3}|x, y, z\geq 0\}$
$C_{1}$ 3 $\mathbb{R}_{\geq 0}$ $C_{1}$
$C_{1}$ extreme ray
$\{(x, 0,0)|x\geq 0\}$ , $\{(0, y, 0)|y\geq 0\}$ , $\{(0,0, z)|z\geq 0\}$
3 (32)
$\mathbb{R}^{3}$
$C_{2}:= \{(x, y, z)\in \mathbb{R}^{3}|\max\{|x|, |y|\}\leq z\}$
$C_{2}$ extreme my
$\mathbb{R}_{\geq 0}(1,1,1)$ , $\mathbb{R}_{\geq 0}(1, -1,1)$ , $\mathbb{R}_{\geq 0}(-1,1,1)$ , $\mathbb{R}_{\geq 0}(-1, -1,1)$
4 (3.2) $C_{2}$
3 $C_{1}$ ).
3.2. Extreme ray $\varphi:Carrow C$
39 [7]
3.7 ([7, p.1285]). Extreme my $\varphi$ extreme my
Proof. $a,$ $b\in C(a\preceq b)$ $I(a, b)$
$I(a, b):=\{x\in V|a\preceq x\preceq b\}$
$e\in$ ext $(P)$ $\mathbb{R}_{\geq 0}e$ extreme ray
$\{\lambda e|0\leq\lambda\leq 1\}=I(0, e)$
$\varphi$
$\varphi(I(0, e))=I(0, \varphi(e))$
$I(0, e)$ 1 $\varphi$ $I(0, \varphi(e))$ 1
$\varphi(e)$ extreme ray $I(0, \varphi(e))$ 2
$\varphi(e)$ extreme ray
$I(0, \varphi(e))=\{\lambda\varphi(e)|0\leq\lambda\leq 1\}$ .
$\varphi(\{\lambda e|0\leq\lambda\leq 1\})=\{\lambda\varphi(e)|0\leq\lambda\leq 1\}$ .
$\varphi(\lambda e)(\lambda\geq 0)$ extreme ray
$\varphi(\mathbb{R}_{\geq 0}e)=\mathbb{R}_{\geq 0}\varphi(e)$ .
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$u\in C$
$\varphi_{u}(x):=\varphi(u+x)-\varphi(\prime u)$ $(x\in C)$
$\varphi_{u}:Carrow C$ 37
$P$ extreme point $e$ $\rho(\cdot, e, u):\mathbb{R}_{\geq 0}arrow \mathbb{R}_{\geq 0}$ $P$ extreme
point $E(e, u)$
$\varphi_{u}(\lambda e)=\rho(\lambda, e, u)E(e, u)$ $(\lambda\geq 0)$
( [7] ). $\varphi_{u}$ :
$\varphi(u+\lambda e)-\varphi(\prime u)=\rho(\lambda, e^{J}u)E(e, u)$ $(\lambda\geq 0)$ . (3.3)
“exposed ray” $\overline{e}\in P$ $P$ exposed point
:
$\exists\alpha:V$ $s.t$ . $\alpha(x)>0$ $($ x $\in$ P $\backslash$ { ), $\alpha(\gamma e=0$ .
$P$ exposed points ext $(P)$
3.8 ([7, p.1285]). $e\in$ ext $(P),$ $u\in C$ $E(e, u)$ $u$ $e$
Pmof. $E(e, u)$ exposed point $V$
$\alpha$ :
$\alpha(x)\geq 0$ $(x\in C)$ ,
$\alpha(x)=0\Leftrightarrow x=\lambda E(e, u)$ $(\lambda\geq 0)$ .
$\lambda\in \mathbb{R}\geq 0$ $u+\lambda e\succeq\lambda e$
$\varphi(u+\lambda e)\succeq\varphi(\lambda e)$ .
(3.3)
$\varphi(u)+\rho(\lambda, e, u)E(e, u)\succeq\rho(\lambda, e, 0)E(e, 0)$ .
$\alpha(E(e, u))=0$
$\alpha(\varphi(u))\geq\rho(\lambda, e, 0)\alpha(E(e, 0))$ .
$\lambda$ $\lambdaarrow\infty$ $\rho(\lambda, e, 0)arrow\infty$ $\alpha(E(e, 0))=0$
$E(e, u)=E(e, 0)$ .
$E(e, u)$ exposed point $E(e, u)$ $P$ exposed point
$E(e, u)$ $E(e)$
3.9 ([7, p. 1286]). $u\in C$ $e,$ $f$ $P$ extreme points
$\rho(\lambda, e, u)=\rho(\lambda, e, u+\eta f)$ $(\lambda, \eta\geq 0)$
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Proof. $\varphi$ $e$ $f$ $E(e)$ $E(f)$ (3.3)
$\varphi(u+\lambda e+\eta f)=\varphi(u+\lambda e)+\rho(\eta.f_{\dot{}}u+\lambda e)E(f)$
$=\varphi(u)+\rho(\lambda, e, u)E(e)+\rho(\eta, f, u+\lambda e)E(f)$
$=\varphi(u)+\rho(\eta, f, u)E(f)+\rho(\lambda, e, u+\eta f)E(e)$ .
$E(e)$ $E(f)$





Proof. $2\leq i\leq k$ 39
$\rho(\lambda_{i}, e_{i}, u+\sum_{j=1}^{i-1}\lambda_{j}e_{j})=\rho(\lambda_{i}, e_{i}, u)$ .
$\varphi_{u}(\sum_{j=1}^{k}\lambda_{j}e_{j})=\varphi(u+\sum_{j=1}^{k}\lambda_{j}e_{j})-\varphi(u)$
$= \varphi(u+\sum_{j=1}^{k-1}\lambda e)+\rho(\lambda_{k}, e_{k}, u+\sum_{j=1}^{k-1}\lambda e)E(e_{k})-\varphi(u)$
$= \varphi_{u}(\sum_{j=1}^{k-1}\lambda_{j^{\rho_{J}}j})+\rho(\lambda_{k}, e_{k}, u)E(e_{k})$ .
3.3. $\rho(\cdot, e, 0)$ $C$ $e_{0}\in$ ext $(P)$
$C$ 35
$e_{0}\in$ span $($ ext $(P)\backslash \{e_{0}\})$ .
$e_{1},$ $\ldots,$ $e_{m}\in$ ext $(P)\backslash \{e_{0}\}$ $\mu_{1},$ $\ldots,$ $\mu_{m}$
$e_{0}= \sum_{j=1}^{m}\mu_{j}e_{j}$ (3.4)
$e_{0},$ $\ldots,$ $e_{m}$ $\{h(x)=1\}$
$1=h(e_{0})= \sum_{j=1}^{m}\mu_{j}h(e_{j})=\sum_{j=1}^{m}\mu_{j}$ .
$\mu_{1},$ $\ldots,$ $\mu_{m}$ $\mu_{1}>0$




$E(e_{0})\in$ span$\{E(e_{1}), \ldots, E(e_{m})\}$
$E(e_{0})= \sum_{j=1}^{m}\gamma_{j}E(e_{j})$
$\gamma_{1}>0$ $u\in C,$ $t\geq 0$
$\gamma_{1}\rho(t, e_{0}, u)=\rho(t\mu_{1}, e_{1}, u)$ .
3.11 $\rho(\cdot, e_{0}, u)$ $\rho(\cdot, e_{1}, u)$ $\gamma_{1},$ $\mu_{1}$ $e_{0},$ $e_{1}$
$u$ $\rho(\cdot, e_{0},0)$
3.12. $\rho(\cdot, e_{0},0)$
$e\in$ ext $(P),$ $t\geq 0$
$\varphi(te)=t\varphi(e)$ .
3.4. $C$ $\varphi$ 34 3.10 extreme ray
3.12 $\varphi$ $C$ :
3.13. $u,$ $v\in C$ $\varphi(u+\prime u)=\varphi(u)+\varphi(v)$ .
[7, P. 1287] $\varphi$ span $(C)$
$x\in$ span$(C)$
$x= \sum_{j=1}^{k}\iota \text{ _{}j^{8)}j}$ $(\nu_{j}\in \mathbb{R}, e)j\in C)$
$x=x_{1}-x_{2}$ $(x_{1}, x_{2}\in C)$
$\overline{\varphi}(x):=\varphi(x_{1})-\varphi(x_{2})$
well-defined $\overline{\varphi}$ $\varphi$ span$(C)$
$\overline{\varphi}$ $V$ 1.1
4.
4.1. $C$ $\mathbb{R}^{n}$ $M$ $n$ $TM$ $M$
$C=\{C_{p}\}_{p\in M}(C_{p}\subset T_{p}M)$ $C$ $C$
(causal structure)






$V$ $C\subset V$ $S\subset V$ $p\in S$
$T_{p}S$ $V$ $C_{p}:=C$ $S$ $C=\{C_{p}\}_{p\in S}$
$C$ $c\#$ :
$C^{\#}:=\{f\in V^{*}|\forall x\in C, \langle x, f\rangle\geq 0\}$ . (4.1)
[3, Theorem I. 1.1] $c\#$ $C$
$C=\{x\in V|\forall f\in C^{\#}, \langle x, f)\geq 0\}$ . (4.2)
42. $\psi:Sarrow S$ $\psi$
Proof. $x\in S,$ $v\in C\subset V\simeq T_{x}S$ $\epsilon>0$ $\gamma:(-\epsilon, \epsilon)arrow$
$S$
$\gamma(t):=x+tv$
$f\in c\#$ $d \psi_{x}(v)=\frac{d}{dt}\psi(\gamma(t))|_{t=0}$
$\{d\psi_{x}(v), f\cdot\}=\frac{d}{dt}\{\psi(\gamma(t)), f\}|_{t=0}=\frac{d}{dt}\langle\psi(\gamma(t))-\psi(\gamma(0)),$ $f\}|_{t=0}$ .
$t\geq 0$ $\gamma(t)\succeq\gamma(0)$ $\psi$
$\psi(\gamma(t))-\psi(\gamma(0))\in C$.




43. $\psi:Sarrow S$ $?$ ), $w\in S$ $t)\preceq w$ , t$)$ $w$
$S$ $\psi(v)\preceq\psi(w)$





$= \langle d\psi_{\gamma(t)}(\frac{d}{dt}\gamma(t)),$ $f\rangle=\langle d\psi_{\gamma(t)}(u),$ $f\rangle$ .
$\psi$ $u\in C$ $d\psi_{\gamma(t)}(u)\in C$ . (4.1)
$g’(t)\geq 0$ $(t\in(0,1))$ .
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$9(0)=0$
$g(t)\geq 0$ $(t\in[0,1])$ .
$\langle\psi(w)-\psi(v),$ $f\}=g(1)\geq 0$ .
$f\in c\#$ (4.2) $\psi(w)-\psi(v)\in C$ .
$\psi(v)\preceq\psi(w)$ .
43
44. $v\in S$ $v+C\subset S$
$\psi:Sarrow S$
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